This paper investigates the IBVP for the Boussinesq system with non-homogeneous boundary conditions in dimension two, and proves that for any initial data (u 0 , θ 0 ) in H 1+s × H 1+s , s ∈ (0, 1), the persistence of global well-posedness holds.
Introduction
In this paper, we are interested the Boussinesq equations read in non-dimensional form      u t − ν∆u + u · ∇u + ∇P = ηe 2 , e 2 = (0, 1), div u = 0, η t − κ∆η + u · ∇η = 0,
where u = (u 1 , u 2 ) is the velocity vector field, θ(x, y, t) and P (x, y, t) denote the scalar temperature and pressure of the fluid, respectively. The constant ν ≥ 0 is the viscosity, and κ ≥ 0 is the thermal diffusivity. And the physical domain in consideration is the region Ω := T x × (0, 1) y , where we assume the periodic boundary conditions in the x-direction and T x is the 1-torus, with the endpoints of the interval [0, 1] identified; η denote the temperature of the fluid. We associate with (1) the following initial and boundary conditions
where n is the outward unit normal vector to ∂Ω and u 0 , η 0 and S are the given initial and boundary data. For simplicity, in order to deal with the non-homogeneous boundary conditions on ∂Ω for the temperature η. Following a traditional approach (see e.g., [14, 15] ), we set (u, θ) = (u, η − S).
In the perturbative variables, the Boussinesq system (1) and (2) reads
with initial and boundary conditions
In the past decades, there has been a lot of literature about the mathematical theory of the Boussinesq equations (1). In the case when ν and κ are positive constants, Cannon and DiBenedetto [2] studied the Cauchy problem. In [13] , the global well-posedness was established for this case. In the case when ν = κ = 0, the global regularity problem turns out to be extremely difficult and remains open. For this case, we only have the local existence and uniqueness results due to [3] and [4] . Recently, there are many works devoted to the study of the Boussinesq system with partial viscosity or diffusivity. Actually, Chae [5] , and Hou and Li [7] independently proved the global well-posedness, see also [1, 6] for the global well-posedness in the critical spaces and [12, 16] for the case of bounded domain. Zhao [17] generalized the case in [5] to a bounded domain with typical physical boundary conditions. Jin and Fan [10] proved a global uniform regularity in the vanishing viscosity limit in a slip boundary domain. Hu, Kukavica and Ziane [8] proved that a global in time solution exists which is locally in time bounded functions, and in [9] , they proved the persistence of regularity holds. In this article, we consider the free-slip boundary conditions for the velocity u and the non-homogeneous boundary condition for the temperature η, and prove the persistence of global well-posedness result for the Boussinesq system (3) and (4).
Preliminary Notes
In this section, we state an important inequalities and facts which will be used in the proof of Theorem 1.1.
Denote by Λ = (−∆) 1/2 the square root of the negative Laplacian.
with the restriction p 1 , q 2 = +∞. Then there holds that
where C > 0 is a constant.
Main Results
The main result of the paper is the following.
Theorem 3.1 Let there be given S ∈ H 3 (Ω), and assume that (u 0 , θ 0 ) ∈ H 1+s (Ω)×H 1+s (Ω), where s ∈ (0, 1). Then there exists a global suitable unique solution (u(t), θ(t)) of the Boussinesq system (3) and (4) such that, for any 0 < T < +∞,
Proof. Taking L 2 inner product of (3) 3 with θ, and using the Hölder inequality and Ladyhenskaya's inequality, we have
Multiplying (3) 1 by u and integrating the result equation over Ω, we have
Inserting (7) into (8), we conclude
Applying the Gronwall inequality to (9), we can get that, for all t ∈ [0, T ],
Taking the curl of the of the (3) 1 , we have
where ω = ∂ x u 2 − ∂ y u 1 , with the Dirichlet boundary condition
Taking L 2 inner product (11) with ω, and using the Cauchy inequality, we
Multiplying (3) 3 by ∆θ and integrating the result equation by parts, then using the Hölder inequality, the Ladyhenskaya inequality and the Young inequality, we obtain
Combining the estimates (13) and (14), then using the Biot-Savart law and applying the Gronwall inequality, we can get that, for all t ∈ [0, T ],
Applying the operator Λ 1+s to (3) 1 , and taking a scalar product of both sides with Λ 1+s u, and then integrating it by parts, we get
where F 1 ( u , ∇u , S H 1 ) is an explicit polynomial. Taking L 2 inner product (3) 3 with Λ 2+2s θ, after integrating it by parts, then we get
where F 2 ( u , ∇u , ∇θ , S H 3 ) is an explicit polynomial. Summing up (16) and (17), by (10), (15) and using the Gronwall inequality, we find that, for all t ∈ [0, T ],
(18) For any fixed T > 0, suppose there are two solutions (u 1 , θ 1 , P 1 ) and (u 2 , θ 2 , P 2 ) to the Boussinesq system (3) and (4). Settingũ = u 1 −u 2 ,θ = θ 1 −θ 2 andP = P 1 − P 2 , then (ũ,θ,P ) satisfies 
Taking the L 2 inner product of (19) 1 withũ and (19) 3 withθ, respectively, we get d dt ( ũ 2 + θ 2 ) + ν ∇ũ 2 + κ ∇θ 2 ≤ C( ∇θ 2 2 + ∇u 2 2 + S H 3 + 1)( θ 2 + ũ 2 ),
which implies that, for any t ≥ 0,
i.e.,ũ = 0,θ = 0, θ 1 = θ 2 , u 1 = u 2 . So, this completes the proof.
